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SIMULTANEOUS MODELS FOR COMMUTING HOLOMORPHIC
SELF-MAPS OF THE BALL
LEANDRO AROSIO† AND FILIPPO BRACCI††
Abstract. We prove that a finite family of commuting holomorphic self-maps of the unit ball
B
q
⊂ C
q admits a simultaneous holomorphic conjugacy to a family of commuting automorphisms
of a possibly lower dimensional ball, and that such conjugacy satisfies a universal property. As
an application we describe when a hyperbolic and a parabolic holomorphic self-map of Bq can
commute.
1. Introduction
In this paper we study simultaneous linearization of commuting holomorphic self-maps of the
unit ball Bq ⊂ Cq, and we use such a tool to find obstructions to commutation.
In order to state the results, we need to recall what we mean by linearization of a holomorphic
self-map. Even if we are interested in the general case of a holomorphic self-map of Bq, for the
sake of clearness we will consider at first the case of a univalent self-map of the unit disc D ⊂ C.
It follows from the work of Schro¨der [31], Valiron [33], Pommerenke [30], Baker and Pommerenke
[5] (see also Cowen [19] and Bourdon-Shapiro [13]), that given a univalent map f : D→ D there
exists a conjugacy as in the following commutative diagram:
D
f
//
h

D
h

Ω
ϕ
// Ω,
where Ω is either D or C, h : D→ Ω is a univalent map, and ϕ is an automorphism of Ω, and thus
a linear fractional transformation. Let k ∈ N, k ≥ 2. Given a k-uple of commuting univalent
self-maps (f1, . . . , fk) of D, it is then natural to ask whether such a conjugacy can be performed
simultaneously. In other words, the question is whether there exists a triple (Ω, h,Φ), where Ω is
either D or C, h : D→ Ω is univalent, Φ := (ϕ1, . . . , ϕk) is a k-uple of commuting automorphisms
of Ω and
h ◦ fj = ϕj ◦ h, 1 ≤ j ≤ k.
Applying the previous result to the univalent self map f1 ◦ · · · ◦ fk, Cowen answered positively
this question in [20, Theorem 3.1].
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Let us now move to higher dimensions. Linearization for holomorphic self-maps of the unit
ball has been studied in particular cases and under more or less stringent regularity assumptions
by many authors, see, e.g., [6, 7, 8, 10, 12, 16, 21]. For commuting holomorphic self-maps with
a common isolated fixed point in Bq, the simultaneous linearization has been investigated by
MacCluer in [28] exploiting constructions done by Cowen–MacCluer in [21] (see also [27] and
[11]). The case of commuting holomorphic self-maps with no fixed points in Bq was studied by
Gentili and the second named author [16] under suitable regularity assumption at the Denjoy–
Wolff point, which allowed linearization by iterative methods. However, without any additional
assumption the iterative methods seem to fail (see [18]).
In this paper we propose a new approach to simultaneous linearization in several variables,
generalizing the theory of canonical models introduced in [4, 3] from the case of a single holo-
morphic self-map f of Bq to the case of a k-uple of commuting holomorphic self maps (f1, . . . , fk)
of Bq. If f : Bq → Bq is a univalent self-map, then it is shown in [4] that performing a direct
limit one can always find a conjugacy as follows:
B
q f //
h

B
q
h

Ω
ψ
// Ω,
where Ω is a q-dimensional complex manifold uniquely determined up to biholomorphism,
h : Bq → Ω is a univalent map and ψ is an automorphism of Ω. The triple (Ω, h, ψ) is called
a model for f . Due to the lack of a uniformization theorem in higher dimensions, the complex
structure of Ω is not known in general. However, identifying points of Ω which are at zero
Kobayashi-pseudodistance, one obtains a conjugacy as follows:
B
q f //
ℓ

B
q
ℓ

B
d τ // B
d,
(1.1)
where 0 ≤ d ≤ q, ℓ : Bq → Bd is a holomorphic map and τ is an automorphism of Bd. The
triple (Bd, ℓ, τ) in (1.1) is called the canonical Kobayashi hyperbolic semi-model for f , and is
characterized uniquely up to biholomorphisms by the following universal property: every other
conjugacy of f with an automorphism of a Kobayashi hyperbolic complex manifold factorizes
through the triple (Bd, ℓ, τ). In particular, one has d = 0 if and only if the only possible conjugacy
of f with an automorphism of a Kobayashi hyperbolic complex manifold is given by the trivial
conjugacy to a point. We call the number d the type of f .
Recall that a holomorphic self-map of Bq is said elliptic if it has a fixed point in Bq. A non-
elliptic holomorphic self-map f of Bq has a unique fixed (with respect to K-limits) boundary
point p ∈ ∂Bq such that the dilation of f at p is less than or equal to 1, called the Denjoy–
Wolff point of f . A non-elliptic map f is called hyperbolic if the dilation at its Denjoy–Wolff
point is strictly less than 1, and parabolic if the dilation is equal to 1 (see Section 3 for precise
definitions).
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If f is hyperbolic, then the type d is always strictly greater than 0, and the automorphism τ
is hyperbolic with the same dilation at its Denjoy–Wolff point.
While the model (Ω, h, ψ) does not exist in general for holomorphic self-maps of Bq which are
not univalent, it is shown in [3] that the canonical Kobayashi hyperbolic semi-model (Bd, ℓ, τ)
always exists.
Our first result shows that the concept of canonical Kobayashi hyperbolic semi-model can be
generalized to a k-uple of commuting holomorphic self-maps (f1, . . . , fk) of B
q.
Theorem 1.1. Let (f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of B
q. Then
there exist 0 ≤ d ≤ q, a holomorphic map ℓ : Bq → Bd and a k-uple of commuting automorphisms
(τ1, . . . , τk) of B
d such that
ℓ ◦ fj = τj ◦ ℓ, 1 ≤ j ≤ k.
Moreover, if Λ is a Kobayashi hyperbolic complex manifold such that there exists a holomorphic
map g : Bq → Λ and a k-uple of commuting automorphisms (ϕ1, . . . , ϕk) of Λ such that
g ◦ fj = ϕj ◦ g, 1 ≤ j ≤ k,
then there exists a unique holomorphic mapping η : Bd → Λ such that g = η◦ℓ and η◦τj = ϕj ◦η
for all 1 ≤ j ≤ k.
The triple (Bd, ℓ, (τ1, . . . , τk)) is called the canonical Kobayashi hyperbolic semi-model for
(f1, . . . , fk). Theorem 1.1 actually holds in the more general case of a cocompact Kobayashi
hyperbolic complex manifold, e.g., every bounded homogenous domain of Cq (see Theorem
2.17).
Something more can be said about (Bd, ℓ, (τ1, . . . , τk)). It follows from Proposition 2.23 that
if there is 1 ≤ j ≤ k such that fj is hyperbolic, then the dimension d is strictly greater than
zero, and the automorphism τj is hyperbolic with the same dilation at its Denjoy–Wolff point.
It is also important to notice that for a fixed 1 ≤ j ≤ k the triple (Bd, ℓ, τj) is in general not the
canonical Kobayashi hyperbolic semi-model for fj. In fact d ≤ type(fj), and strict inequality
can occur. On the other hand, the triple (Bd, ℓ, τ1◦· · ·◦τk) is the canonical Kobayashi hyperbolic
semi-model for f1 ◦ · · · ◦ fk. This shows that the dimension d is related to the dynamics of the
map f1 ◦ · · · ◦ fk.
We now turn to the following problem: if f, g : Bq → Bq are two commuting holomorphic self-
maps, what can be said about their ellipticity/parabolicity/hyperbolicity? If one of the maps is
elliptic, then the answer is trivial. Indeed, if f has a fixed point z ∈ Bq, then for all n ≥ 0 the
point gn(z) is fixed by f . Hence, if f has a unique fixed point, then g has to be elliptic too. On
the other hand, it is easy to find examples of elliptic mappings (with affine slices of fixed points)
commuting with parabolic or hyperbolic mappings (see [14]). Hence in the following discussion
we will assume that f and g are not elliptic.
Heins [25] proved that if q = 1 and f is a hyperbolic automorphism of D, then g is a hyperbolic
automorphism as well. Behan [9, Thm. 6] and Shields [32, Thm. 1] proved that if q = 1 and
f is not a hyperbolic automorphism of D, then f and g have the same Denjoy–Wolff point.
As a consequence of these results, in dimension one f and g may have different Denjoy–Wolff
point only if they are both hyperbolic automorphisms. Cowen [20, Cor. 4.1], starting from the
previous results and the existence of models, proved the following result.
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Theorem 1.2 (Cowen). Let f, g be two nonelliptic commuting holomorphic self-maps of D. If
f is hyperbolic, then g is hyperbolic (and thus if g is parabolic, then f is parabolic).
In higher dimensions, it was proved in [14] that f and g have the same Denjoy–Wolff point
unless both are hyperbolic automorphisms when restricted to the one-dimensional slice connect-
ing the two Denjoy–Wolff points. In [23] de Fabritiis–Gentili proved that if f is a hyperbolic
automorphism of Bq, then g is hyperbolic and it is a hyperbolic automorphism when restricted
to the one-dimensional slice connecting the two fixed points of f . Later on, de Fabritiis [22]
completely characterized the mapping g in this case. Bayart [6, Thm. 6.1] proved, under reg-
ularity conditions at the Denjoy–Wolff point, that if f is a hyperbolic self-map of Bq, then it
cannot commute with certain parabolic maps.
Using the theory developed in the present paper, we are able to describe when a hyper-
bolic and a parabolic self-map of Bq can commute in terms of their types (see Theorem 3.14,
Proposition 3.15, Proposition 3.16). Recall that the step of g at x0 is defined as the limit
sg1(x0) := limn→∞ kBq (g
n+1(x0), g
n(x0)), where kBq denotes the Kobayashi distance.
Theorem 1.3. Let f, g be two nonelliptic commuting holomorphic self-maps of Bq.
(1) If f is hyperbolic of type q, then g is hyperbolic.
(2) If g is parabolic of type 0, then f is parabolic.
(3) If g is parabolic of type 1 and there exists x0 such that s
g
1(x0) > 0, then f is parabolic.
Moreover, there exist counterexamples in all remaining cases, that is, for all u, v ∈ N such that
1 ≤ u ≤ q − 1, 2 ≤ v ≤ q,
there exist commuting holomorphic self-maps f, g : Bq → Bq such that f is hyperbolic of type u
and g is parabolic of type v.
The assumption on the step in (3) could be redundant, indeed it is actually an open question
whether there exists a parabolic self map g : Bq → Bq with type(g) ≥ 1 which admits a point x0
such that sg1(x0) = 0.
Notice that Theorem 1.3 (1) generalizes the result of de Fabritiis–Gentili [23], and generalizes
Cowen’s Theorem 1.2 to higher dimensions, since, if q = 1, then type(f) = 1 = q. The proof of
Theorem 1.3 (1) is based on the following result which is of interest by itself and is proved in
Proposition 2.28 in the more general case of a k-uple of commuting holomorphic self-maps.
Proposition 1.4. Let f : Bq → Bq be a holomorphic map with type(f) = q. Let (Bq, ℓ, τ) be a
canonical Kobayashi hyperbolic semi-model for f . Then for every R > 0 and every z ∈ Bq, both
ℓ and f are univalent on the Kobayashi ball B(fn(z), R) for n large enough.
The authors thank the anonymous referees for their comments which improved the paper.
2. Semi-models for commuting maps
Let X be a complex manifold. We denote by kX the Kobayashi pseudodistance and by κX
the Kobayashi pseudometric.
Definition 2.1. We say that X is cocompact if X/aut(X) is compact.
Notice that this implies that X is complete Kobayashi hyperbolic [24, Lemma 2.1].
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Definition 2.2. Let k ∈ N, k ≥ 1. Let A a set. We call a k-sequence in A any mapping
a : Nk → A, and we denote it by (aN )N∈Nk . We consider the following partial ordering on Nk:
(m1, . . . ,mk) ≥ (n1, . . . , nk)
if for all 1 ≤ j ≤ k we have mj ≥ nj. We denote by Ej ∈ Nk the k-uple with 1 as j-th entry and
0 everywhere else.
Let N = (n1, . . . , nk) ∈ Nk. If F = (f1, . . . , fk) is a k-uple of commuting holomorphic self-
maps of a complex manifold X, we denote by FN the holomorphic self map of X defined by
fn11 ◦ · · · ◦ fnkk .
Let F = (f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X, and let G =
(g1, . . . , gp) be a p-uple of commuting holomorphic self-maps of X. We say that F and G
commute if
fj ◦ gi = gi ◦ fj, ∀ 1 ≤ j ≤ k, 1 ≤ i ≤ p.
Remark 2.3. Notice that FEj = fj for all 1 ≤ j ≤ k.
Remark 2.4. We consider the base of neighborhoods for the point ∞ in Nk ∪ {∞} given by
{N ≥ M}M∈Nk . Thus, if (aN )N∈Nk is a k-sequence in a Hausdorff space Y , by limN→∞ aN =
ℓ ∈ Y we mean that for any neighborhood W of ℓ in Y , there exists N0 ∈ Nk such that aN ∈W
for all N ≥ N0.
The following lemmas are classical and the proof is omitted.
Lemma 2.5. Let (aN )N∈Nk be a k-sequence in a Hausdorff space Y . Then limN→∞ aN = ℓ if
and only if for every sequence (Nh)h∈N in N
k converging to ∞ we have limh→∞ aNh = ℓ.
Lemma 2.6. Let (aN )N∈Nk be a monotone non-increasing k-sequence in [0,+∞). Then
lim
N→∞
aN = inf
N∈Nk
aN .
In what follows, let k ∈ N, k ≥ 1.
Definition 2.7. Let X be a complex manifold. We call (forward) holomorphic k-dynamical
system on X any family (FN,M : X → X)M≥N∈Nk of holomorphic self-maps such that for all
M ≥ U ≥ N ∈ Nk, we have
FU,M ◦ FN,U = FN,M .
Let F := (f1, . . . , fk) be a k-uple of commuting holomorphic self-maps fj : X → X. Then
setting FN,M := F
M−N for all M ≥ N ∈ Nk, we obtain a holomorphic k-dynamical system
naturally associated with F .
Definition 2.8. Let X be a complex manifold and let (FN,M : X → X)M≥N∈Nk be a holo-
morphic k-dynamical system. We call canonical Kobayashi hyperbolic direct limit (CDL for
short) for (FN,M ) a pair (Z,αN ) where Z is a Kobayashi hyperbolic complex manifold and
(αN : X → Z)N∈Nk is a family of holomorphic mappings such that
αM ◦ FN,M = αN , ∀ M ≥ N ∈ Nk,
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which satisfies the following universal property: if Q is a Kobayashi hyperbolic complex manifold
and if (gN : X → Q)N∈Nk is a family of holomorphic mappings satisfying
gM ◦ FN,M = gN , ∀ M ≥ N ∈ Nk,
then there exists a unique holomorphic mapping Γ: Z → Q such that
gN = Γ ◦ αN , ∀ N ∈ Nk.
The proof of the following lemma is trivial and is therefore omitted.
Lemma 2.9. The canonical Kobayashi hyperbolic direct limit of (FN,M ) is essentially unique,
in the following sense. Let (Z,αN ) and (Q, gN ) be two CDL for (FN,M ). Then there exists a
biholomorphism Γ: Z → Q such that
gN = Γ ◦ αN , ∀ N ∈ Nk.
Definition 2.10. Let X,Y be complex manifolds, and let f : X → Y be a holomorphic map.
Then by f∗kY and f
∗κY we denote the pullbacks
f∗kY (x, y) := kY (f(x), f(y)), x, y ∈ X,
f∗κY (x, v) := κY (f(z), dxf(v)), x ∈ X, v ∈ TxX.
Lemma 2.11. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let (FN,M : X →
X)M≥N∈Nk be a holomorphic k-dynamical system. There exists a CDL (Z,αN ) for (FN,M ),
where Z is a holomorphic retract of X. Moreover,
Z =
⋃
N∈Nk
αN (X), (2.1)
lim
M→∞
(FN,M )
∗ kX = α
∗
N kZ , lim
M→∞
(FN,M )
∗ κX = α
∗
N κZ , ∀N ∈ Nk. (2.2)
Proof. Let (Nh)h∈N be a strictly monotone sequence in N
k converging to ∞. Define a holomor-
phic dynamical system (gh,j : X → X)j≥h∈N by
gh,j := FNh,Nj .
Let (Z,αh) be the CDL given by [3, Theorem 2.11] for (gh,j). For every N ∈ Nk let h ∈ N be
such that Nh ≥ N , and define αN : X → Z by
αN := αh ◦ FN,Nh . (2.3)
It is easy to see that this is well defined and that (Z,αN ) is a CDL for (FN,M ) satisfying (2.1).
We are left to prove (2.2). Let x, y ∈ X, let N ∈ Nk and let h ∈ N be such that Nh ≥ N .
Notice that the k-sequence (kX(FN,M (x), FN,M (y)))M≥N∈Nk is monotone non-increasing, and
thus it admits a limit as M →∞. Then, using [3, Theorem 2.11 (2.8)],
lim
M→∞
kX(FN,M (x), FN,M (y)) = lim
j→∞
kX(FN,Nj (x), FN,Nj (y)) =
= lim
j→∞
kX(gh,j(FN,Nh(x)), gh,j(FN,Nh(y))) =
= kZ(αh(FN,Nh(x)), αh(FN,Nh(y))) = kZ(αN (x), αN (y)).
The proof for the Kobayashi metric κX is similar.

SIMULTANEOUS MODELS 7
Definition 2.12. Let X be a complex manifold and let F := (f1, . . . , fk) be a k-uple of commut-
ing holomorphic self-maps of X. A quasi-model for F is a triple (Λ, h,Φ) where Λ is a complex
manifold, h : X → Λ is a holomorphic map, and Φ := (ϕ1, . . . , ϕk) is a k-uple of commuting
automorphisms of Λ such that
h ◦ fj = ϕj ◦ h, ∀ 1 ≤ j ≤ k.
Let (Λ, h,Φ) and (Z, ℓ, T := (τ1, . . . , τk)) be two quasi-models for F . A morphism of quasi-
models ηˆ : (Z, ℓ, T ) → (Λ, h,Φ) is given by a holomorphic map η : Z → Λ such that η ◦ ℓ = h
and such that
η ◦ τj = ϕj ◦ η, ∀ 1 ≤ j ≤ k.
If the map η : Z → Λ is a biholomorphism, then we say that ηˆ : (Z, ℓ, T ) → (Λ, h,Φ) is an iso-
morphism of quasi-models. Notice that then η−1 : Λ→ Z induces a morphism ηˆ−1 : (Λ, h,Φ)→
(Z, ℓ, T ).
Definition 2.13. Let X be a complex manifold and let F := (f1, . . . , fk) be a k-uple of com-
muting holomorphic self-maps of X. A semi-model for F is a quasi-model (Λ, h,Φ) such that⋃
N∈Nk
Φ−N (h(X)) = Λ. (2.4)
If (Z, ℓ, T ) and (Λ, h,Φ) are two semi-models for F , then a morphism of quasi-models ηˆ : (Z, ℓ, T )→
(Λ, h,Φ) is called a morphism of semi-models.
Proposition 2.14. Let X be a complex manifold and let F := (f1, . . . , fk) be a k-uple of
commuting holomorphic self-maps of X. Let (Z, ℓ, T ) be a semi-model for F , and let (Λ, h,Φ)
be a quasi-model for F . Then
(1) there exists at most one morphism from (Z, ℓ, T ) to (Λ, h,Φ), and
(2) if ηˆ : (Z, ℓ, T )→ (Λ, h,Φ) is a morphism, then
η(Z) =
⋃
N∈Nk
Φ−N (h(X)).
Proof.
(1) Let ηˆ, βˆ : (Z, ℓ, T )→ (Λ, h,Φ) be two morphisms. Then for all N ∈ Nk,
η ◦ T−N ◦ ℓ = Φ−N ◦ η ◦ ℓ = Φ−N ◦ h = Φ−N ◦ β ◦ ℓ = β ◦ T−N ◦ ℓ.
Since (Z, ℓ, T ) is a semi-model,
⋃
N∈Nk T
−N (ℓ(X)) = Z, hence η = β.
(2) ⋃
N∈Nk
Φ−N (h(X)) =
⋃
N∈Nk
Φ−N (η(ℓ(X))) = η
 ⋃
N∈Nk
T−N (ℓ(X))
 .

Definition 2.15. Let X be a complex manifold and let F := (f1, . . . , fk) be a k-uple of com-
muting holomorphic self-maps of X. Let (Z, ℓ, T ) be a semi-model for F whose base space Z is
Kobayashi hyperbolic. We say that (Z, ℓ, T ) is a canonical Kobayashi hyperbolic semi-model for
F (for short CSM) if it satisfies the following universal property: for any semi-model (Λ, h,Φ) for
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F such that the base space Λ is Kobayashi hyperbolic there exists a morphism of semi-models
ηˆ : (Z, ℓ, T )→ (Λ, h,Φ) (which is necessarily unique by Proposition 2.14).
Remark 2.16. If (Z, ℓ, T ) and (Λ, h,Φ) are two CSM for F , then they are isomorphic.
Theorem 2.17. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let F :=
(f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X. Then there exists a CSM
(Z, ℓ, T ) for F , where Z is a holomorphic retract of X. Moreover, for all N ∈ Nk,
lim
M→∞
(FM )∗ kX = (T
−N ◦ ℓ)∗ kZ , lim
M→∞
(FM )∗ κX = (T
−N ◦ ℓ)∗ κZ . (2.5)
Proof. Let (Z,αN ) be the CDL given by Lemma 2.11 for the holomorphic k-dynamical system
associated with F . Let 1 ≤ j ≤ k. The k-sequence of holomorphic maps (βN := αN ◦FEj : X →
Z)N∈Nk satisfies, for all M ≥ N ∈ Nk,
βM ◦ FM−N = αM ◦ FEj ◦ FM−N = αM ◦ FM−N ◦ FEj = αN ◦ FEj = βN .
By the universal property in Definition 2.8 there exists a unique holomorphic self-map τj : Z → Z
such that for all N ∈ Nk,
τj ◦ αN = αN ◦ FEj .
We claim that τj is a holomorphic automorphism. For all N ∈ Nk, set γN := αN+Ej . For all
M ≥ N ∈ Nk,
γM ◦ FM−N = αM+Ej ◦ FM−N = αN+Ej = γN .
Thus there exists a holomorphic self-map δj : Z → Z such that δj ◦αN = αN+Ej for all N ∈ Nk.
For all N ∈ Nk we have
τj ◦ δj ◦ αN = τj ◦ αN+Ej = αN ,
and
δj ◦ τj ◦ αN = δj ◦ αN ◦ FEj = αN+Ej ◦ FEj = αN .
By the universal property in Definition 2.8 we have that τj is a holomorphic automorphism and
δj = τ
−1
j . Set T := (τ1, . . . , τk). Since for all N ∈ Nk,
TN ◦ αN = αN ◦ FN = α0,
it follows that αN = T
−N ◦ α0.
Set ℓ := α0. We claim that the triple (Z, ℓ, T ) is a CSM for F . Indeed, let (Λ, h,Φ) be
a semi-model for F such that the base space Λ is Kobayashi hyperbolic. For all N ∈ Nk,
let λN := Φ
−N ◦ h. Then by the universal property in Definition 2.8 there exists a unique
holomorphic map η : Z → Λ such that for all N ∈ Nk we have η ◦ αN = λN , that is
η ◦ T−N ◦ ℓ = Φ−N ◦ h.
Setting N = 0 this implies η ◦ ℓ = h. Now fix 1 ≤ j ≤ k. If N ∈ Nk,
ΦEj ◦ η ◦ T−Ej ◦ αN = ΦEj ◦ η ◦ T−Ej ◦ T−N ◦ ℓ = ΦEj ◦ Φ−N−Ej ◦ h = λN .
By the universal property in Definition 2.8, we have
η = ΦEj ◦ η ◦ T−Ej .
Hence the map η : Z → Λ gives a morphism of semi-models ηˆ : (Z, ℓ, T )→ (Λ, h,Φ). 
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Remark 2.18. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let F :=
(f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X. Let (Z, ℓ, T ) be a CSM
for F . The proof of Theorem 2.17 actually shows that (Z, ℓ, T ) satisfies the following slightly
stronger universal property: for any quasi-model (Λ, h,Φ) for F such that the base space Λ is
Kobayashi hyperbolic, there exists a morphism of quasi-models ηˆ : (Z, ℓ, T ) → (Λ, h,Φ) (which
is necessarily unique by Proposition 2.14).
Definition 2.19. Let X be a complex manifold, and let F := (f1, . . . , fk) be a k-uple of
commuting holomorphic self-maps of X. Let x ∈ X, and let M ∈ Nk. We define the M-step of
F at x as
sFM(x) := lim
N→∞
kX(F
N (x), FN+M (x)).
Notice that the limit exists and sFM(x) ∈ [0,+∞) since kX(FN (x), FN+M (x))N∈Nk is a monotone
non increasing k-sequence.
Definition 2.20. Let X be a complex manifold. Let f : X → X be a holomorphic self-map.
The divergence rate c(f) ∈ [0,+∞) of f is defined as
c(f) := lim
m→∞
kX(f
m(x), x)
m
,
where x ∈ X. It is shown in [4] that such a limit exists and does not depend on x ∈ X, and
moreover
c(f) = inf
m∈N
kX(f
m(x), x)
m
= lim
m→∞
sfm(x)
m
= inf
m∈N
sfm(x)
m
.
Lemma 2.21. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let F :=
(f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X. Let (Z, ℓ, T ) be a CSM for
F , and let M ∈ Nk. Then for all x ∈ X,
kZ(ℓ(x), T
M (ℓ(x))) = sFM(x).
In particular, for all 1 ≤ j ≤ k,
c(τj) = lim
m→∞
sFmEj (x)
m
= inf
m→∞
sFmEj (x)
m
. (2.6)
Proof. By (2.5),
kZ(ℓ(x), T
M (ℓ(x))) = kZ(ℓ(x), ℓ(F
M (x)) = lim
U→∞
kX(F
U (x), FU+M (x)) = sFM(x).

Remark 2.22. Notice that in general, if 1 ≤ j ≤ k,
sFmEj(x) = lim
Nk−1∋Q→∞
s
fj
m(F̂
Q
j (x)) ≤ s
fj
m(x),
where F̂j denotes the (k − 1)-uple (f1, . . . , fj−1, fj+1, . . . , fk).
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Proposition 2.23. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let F :=
(f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X. Let (Z, ℓ, T ) be a CSM for
F . Then for all 1 ≤ j ≤ k,
c(τj) = c(fj).
Proof. Clearly c(τj) ≤ c(fj). For all y ∈ X we have that c(fj) = infm∈N s
fj
m (y)
m
, in particular, for
all m ∈ N we have s
fj
m (y)
m
≥ c(fj). Thus, by Remark 2.22,
sFmEj (x)
m
= lim
Nk−1∋Q→∞
s
fj
m(F̂
Q
j (x))
m
≥ c(fj),
and the result follows then from (2.6). 
Definition 2.24. Let X be a cocompact Kobayashi hyperbolic complex manifold. Let F :=
(f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X. The type of F (denoted
type(F )) is the dimension of a CSM for F . Clearly type(F ) ≤ dim(X). If type(F ) = dim(X),
then we say that F is of automorphism type.
Proposition 2.23 immediately yields the following corollary.
Corollary 2.25. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let F :=
(f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X and assume that at least one
of the fj’s is hyperbolic. Then type(F ) ≥ 1.
Definition 2.26. Let X be a Kobayashi hyperbolic complex manifold, let p ∈ X and let r > 0.
We denote by B(p, r) the ball of center p and radius r with respect to the Kobayashi distance
kX , in other words, B(p, r) := {z ∈ X : kX(z, p) < r}.
Proposition 2.27. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let F :=
(f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X. Let (Z, ℓ, T ) be a CSM for F ,
and let d = type(F ) be the dimension of Z. Then for all p ∈ X there exists r > 0 and N0 ∈ Nk
such that for all N ≥ N0 ∈ Nk
(1) rkyℓ = d, ∀ y ∈ B(FN (p), r),
(2) rkyF
M ≥ d, ∀M ∈ Nk, y ∈ B(FN (p), r).
Proof. We first prove (1) by contradiction. Fix p ∈ X. Assume that there exists a strictly
increasing sequence (Nh)h∈N in N
k with N0 = 0 converging to ∞ such that for all h ≥ 1 the
mapping ℓ has not rank identically d on B(FNh(p), 1
h
).
Let K be a compact subset in X such that X = aut(X) · K. For all N ∈ N, let γN be
an automorphism of X such that γN (F
N (p)) ∈ K. Define a holomorphic k-dynamical system
(F˜N,M ) in the following way: for all M ≥ N ∈ Nk ,
F˜N,M := γM ◦ FM−N ◦ γ−1N .
Define a holomorphic dynamical system (gh,j) in the following way: for all j ≥ h ∈ N,
gh,j := F˜Nh,Nj .
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The dynamical system (gh,j : X → X) admits a relatively compact orbit. Indeed g0,j(γ0(p)) ⊂
K for all j ∈ N. Let (A, α˜h) be the CDL for (gh,j) given by [3, Section 2]. This extends, as
in Lemma 2.11, to a CDL (A, α˜N ) for (F˜N,M ) satisfying α˜h = α˜Nh for all h ∈ N. Clearly,
(A,αN := α˜N ◦ γ−1N ) is a CDL for (FM−N ).
Notice that, as h → ∞, the map α˜Nh converges uniformly on compacta to a retraction
α˜ : X → X of rank d such that α˜(X) = A. Since α˜ has rank d on A, there exists a neighborhood
U of A such that rkw(α˜) = d for all w ∈ U . Up to passing to a subsequence, we may assume
that the sequence (F˜0,Nh(γ0(p)))h≥0 converges to α˜0(γ0(p)) ∈ A as h → ∞. There exists a
neighborhood V ⊂⊂ U of α˜0(γ0(p)) and h¯ ∈ N such that rkw(α˜Nh) = d for all h ≥ h¯ and all
w ∈ V .
There exists an index h0 ≥ h¯ and r > 0 such that for all h ≥ h0, the Kobayashi ball
B(F˜0,Nh(γ0(p)), r) is contained in V and thus
rkw(α˜Nh) = d, ∀w ∈ B(F˜0,Nh(γ0(p)), r). (2.7)
Since for all h ≥ 1 the mapping ℓ has not rank identically d on B(FNh(p), 1
h
), we have that
for all h ≥ 1 the mapping αNh has not rank identically d on B(FNh(p), 1h), and thus for all h ≥ 1
α˜Nh has not rank identically d on B(F˜0,Nh(γ0(p)),
1
h
), which contradicts (2.7). This proves (1).
Statement (2) follows immediately from ℓ ◦ FM = TM ◦ ℓ.

Proposition 2.28. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let
F := (f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X. Assume that F is
of automorphism type, and let (Z, ℓ, T ) be a CSM for F . Then for all r > 0 and all p ∈ X there
exists N0 ∈ Nk such that for all N ≥ N0 ∈ Nk
(1) the map ℓ is univalent on B(FN (p), r),
(2) the map FM is univalent on B(FN (p), r) for all M ∈ Nk.
Proof. The proof is similar to the one of Proposition 2.27. Fix r > 0 and p ∈ X. By contradic-
tion, assume that there exists a strictly increasing sequence (Nh) in N
k with N0 = 0, converging
to ∞ and such that for all h ≥ 1 the mapping ℓ is not univalent on B(FNh(p), r). Let K be a
compact subset in X such that X = aut(X) ·K. For all N ∈ N, let γN be an automorphism of
X such that γN (F
N (p)) ∈ K. Define for all M ≥ N ∈ Nk ,
F˜N,M := γM ◦ FM−N ◦ γ−1N .
Define for all j ≥ h ∈ N,
gh,j := F˜Nh,Nj .
The dynamical system (gh,j : X → X) admits a relatively compact orbit. Let (A, α˜h) be the
CDL for (gh,j) given by [3, Section 2]. This extends, as in Lemma 2.11, to a CDL (A, α˜N ) for
(F˜N,M ) satisfying α˜h = α˜Nh for all h ∈ N. Clearly, (A,αN := α˜N ◦ γ−1N ) is a CDL for (FM−N ).
Since for all h ≥ 1 the mapping ℓ is not univalent on B(FNh(p), r), we have that for all
h ≥ 1 the mapping αNh is not univalent on B(FNh(p), r), and thus α˜Nh is not univalent on
B(K, r). Since by assumption F is of automorphism type, it follows that α˜Nh → idX uniformly
on compact subsets as h → ∞, which gives a contradiction. This proves (1). Statement (2)
follows immediately from ℓ ◦ FM = TM ◦ ℓ. 
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Corollary 2.29. Let X be a cocompact Kobayashi hyperbolic complex manifold. Let
E = (f1, . . . fk, g1, . . . gp)
be a (k + p)-uple of commuting holomorphic self-maps of X. Let F := (f1, . . . , fk). Then
type(E) ≤ type(F ).
Proof. Let G := (g1, . . . , gp). Let (Z, ℓ, (TF , TG)) be a CSM for E and let (Λ, h,Φ) be a CSM for
F . Since (Z, ℓ, TF ) is a quasi-model for F , by Remark 2.18 there exists a morphism ηˆ : (Λ, h,Φ)→
(Z, ℓ, TF ). In particular we have ℓ = η ◦ h. We claim that there exists a point x ∈ X such
that rkxℓ = type(E) and rkxh = type(F ), and this clearly yields the result. Fix z ∈ X.
By Proposition 2.27, there exists U0 := (N0,M0) ∈ Nk+p such that for all U ≥ U0, we have
rkEU (z)ℓ = type(E). Define
y := GM0(z).
By Proposition 2.27, there exists N1 ∈ Nk such that for all N ≥ N1, we have rkFN (y)h = type(F ).
Let N2 := max(N0, N1). Setting
x := FN2(GM0(z)),
the claim is proved. 
The remaining of the section is devoted to a useful procedure to construct a CSM for a finite
family of commuting holomorphic self-maps.
Let X be a cocompact Kobayashi hyperbolic complex manifold, and let F := (f1, . . . , fk) be
a k-uple of commuting holomorphic self-maps of X. Let (Λ, h,Φ) be a CSM for F . Let g be a
holomorphic self map of X commuting with F . Since
ϕj ◦ (h ◦ g) = (h ◦ g) ◦ fj for all 1 ≤ j ≤ k,
the triple (Λ, h ◦ g,Φ) is a quasi-model for F with Kobayashi hyperbolic base space.
Definition 2.30. We denote by ΓF (g) the holomorphic self-map of Λ which commutes with ϕj
for all 1 ≤ j ≤ k and which satisfies
ΓF (g) ◦ h = h ◦ g,
whose existence and uniqueness follows from Remark 2.18.
Remark 2.31. Notice that ΓF (idX) = idΛ.
Lemma 2.32. If g1, g2 : X → X are two holomorphic self-maps commuting with F , then
ΓF (g1 ◦ g2) = ΓF (g1) ◦ ΓF (g2).
Proof. We have that
ΓF (g1) ◦ ΓF (g2) ◦ h = ΓF (g1) ◦ h ◦ g2 = h ◦ g1 ◦ g2,
and the result follows from the uniqueness of ΓF (g1 ◦ g2). 
Corollary 2.33. If g is an automorphism of X, then ΓF (g) is an automorphism of Λ.
Proof. Clearly ΓF (g
−1) is an holomorphic inverse for ΓF (g). 
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Corollary 2.34. Let g1, g2 : X → X be two holomorphic self-maps commuting with F . If g1
commutes with g2, then ΓF (g1) commutes with ΓF (g2).
Proof. By Lemma 2.32,
ΓF (g1) ◦ ΓF (g2) = ΓF (g1 ◦ g2) = ΓF (g2 ◦ g1) = ΓF (g2) ◦ ΓF (g1).

Theorem 2.35. Let X be a cocompact Kobayashi hyperbolic complex manifold. Let
E = (f1, . . . fk, g1, . . . gp)
be a (k + p)-uple of commuting holomorphic self-maps of X. Let F := (f1, . . . , fk) and let
G := (g1, . . . , gp). Let (Λ, h,Φ) be a CSM for F and assume that Λ is cocompact. Let (Ω, r,Θ)
be a CSM for ΓF (G). Denote H := ΓF (G) and Ξ := ΓH(Φ). Then a CSM for E is given by the
triple (Ω, r ◦ h, (Ξ,Θ)).
Proof. Denote Θ = (ϑ1, . . . , ϑp),H = (η1, . . . ηp),Ξ = (ξ1, . . . , ξk),Φ = (ϕ1, . . . ϕk). First of all,
notice that by Corollary 2.33, Ξ is a k-uple of automorphisms of Ω. Let (∆, s, (A,B)) be a semi-
model for E such that ∆ is Kobayashi hyperbolic, where A = (α1, . . . αk) and B = (β1, . . . , βp).
∆
A
  
❆
❆
❆
❆
❆
❆
❆
❆
B
// ∆
A
  
❆
❆
❆
❆
❆
❆
❆
❆
∆
B
// ∆
X
OO

F
  
❆
❆
❆
❆
❆
❆
❆
❆
G
// X
OO

F
  
❆
❆
❆
❆
❆
❆
❆
❆
X
OO

G
// X
s
OO
h

Λ
H
//

Φ
  
❆
❆
❆
❆
❆
❆
❆
❆
Λ

Φ
  
❆
❆
❆
❆
❆
❆
❆
❆
Λ

H
// Λ
r

ω
TT
Ω
Θ
//
Ξ
  
❆
❆
❆
❆
❆
❆
❆
❆
Ω
Ξ
  
❆
❆
❆
❆
❆
❆
❆
❆
Ω
Θ
// Ω.
µ
UU
The triple (∆, s, A) is a quasi-model for F . By the universal property stated in Remark 2.18,
there exists a morphism ωˆ : (Λ, h,Φ)→ (∆, s, A).
We claim that (∆, ω,B) is a quasi-model for H, and it suffices to show that
ω ◦ ηj = βj ◦ ω, ∀ 1 ≤ j ≤ p.
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Fix 1 ≤ j ≤ p. Then for all N ∈ Nk,
ω ◦ ηj ◦ Φ−N ◦ h = ω ◦ Φ−N ◦ ηj ◦ h = A−N ◦ ω ◦ h ◦ gj = A−N ◦ s ◦ gj =
= A−N ◦ βj ◦ s = βj ◦ A−N ◦ ω ◦ h = βj ◦ ω ◦ Φ−N ◦ h.
Hence ω ◦ ηj = βj ◦ ω on
⋃
N∈Nk Φ
−N ◦ h = Λ.
By the universal property stated in Remark 2.18, there exists a morphism µˆ : (Ω, r,Θ) →
(∆, ω,B). We claim that the holomorphic map µ : Ω → ∆ also defines a morphism µˆ : (Ω, r ◦
h, (Ξ,Θ))→ (∆, s, (A,B)), and it suffices to show that
µ ◦ ξj = αj ◦ µ, ∀ 1 ≤ j ≤ k.
Fix 1 ≤ j ≤ k. For all N ∈ Np,
µ◦ξj ◦Θ−N ◦r = µ◦Θ−N ◦ξj ◦r = µ◦Θ−N ◦r◦ϕj = B−N ◦ω◦ϕj = αj ◦B−N ◦ω = αj ◦µ◦Θ−N ◦r.
Hence µ ◦ ξj = αj ◦ µ on
⋃
N∈Np Θ
−N (r(Λ)) = Ω. 
Proposition 2.36. Let X be a cocompact Kobayashi hyperbolic complex manifold. Let F :=
(f1, . . . , fk) be a k-uple of commuting holomorphic self-maps of X. Then for all holomorphic
self-map g : X → X commuting with F we have c(ΓF (g)) = c(g).
Proof. Let (Λ, h,Φ) be a CSM for F , and set E := (f1, . . . , fk, g). Let (Z, ℓ, (TF , Tg)) be a CSM
for E. Let
tˆ : (Λ, h,Φ)→ (Z, ℓ, TF )
be the morphism given by the universal property stated in Remark 2.18. Then, arguing as in
the proof of Theorem 2.35, we see that the triple (Z, t, Tg) is a quasi-model for ΓF (g) : Λ → Λ.
But then
c(g) ≥ c(ΓF (g)) ≥ c(Tg) = c(g),
where the last equality follows from Proposition 2.23. 
3. Applications to the unit ball
We begin this section recalling some definitions and results for the unit ball Bq ⊂ Cq.
Definition 3.1. The Siegel upper half-space Hq is defined by
H
q =
{
(z, w) ∈ C× Cq−1, Im (z) > ‖w‖2} .
Recall that Hq is biholomorphic to the ball Bq via the Cayley transform Ψ: Bq → Hq defined as
Ψ(z, w) =
(
i
1 + z
1− z ,
iw
1− z
)
, (z, w) ∈ C× Cq−1.
Let 〈·, ·〉 denote the standard Hermitian product in Cq. In several complex variables, the
natural generalization of the non-tangential limit at the boundary is the following. If ζ ∈ ∂Bq,
then the set
K(ζ,R) := {z ∈ Bq : |1− 〈z, ζ〉| < R(1− ‖z‖)}
is a Kora´nyi region of vertex ζ and amplitude R > 1. If f : Bq → Cm is a holomorphic map,
then we say that f has K-limit L ∈ Cm at ζ (we write K- limz→ζ f(z) = L) if for each sequence
(zn) converging to ζ such that (zn) belongs eventually to some Kora´nyi region of vertex ζ, we
have that f(zn)→ L.
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Definition 3.2. A point ζ ∈ ∂Bq such that K- limz→ζ f(z) = ζ and
lim inf
z→ζ
1− ‖f(z)‖
1− ‖z‖ = λ < +∞
is called a boundary regular fixed point (BRFP for short), and λ is called its dilation.
The following result by Herve´ [26] generalizes the classical Denjoy–Wolff theorem in the unit
disc.
Theorem 3.3. Let f : Bq → Bq be holomorphic. Assume that f admits no fixed points in Bq.
Then there exists a point p ∈ ∂Bq, called the Denjoy–Wolff point of f , such that (fn) converges
uniformly on compact subsets to the constant map z 7→ p. The Denjoy–Wolff point of f is a
BRFP and its dilation λ ∈ (0, 1].
Remark 3.4. Let f : Bq → Bq be a holomorphic self-map without fixed points, and let λ be the
dilation at its Denjoy–Wolff point. Then by [4, Proposition 5.8] the divergence rate of f satisfies
c(f) = − log λ.
Definition 3.5. A holomorphic self-map f : Bq → Bq is called
(1) elliptic if it admits a fixed point z ∈ Bq,
(2) parabolic if it admits no fixed points z ∈ Bq, and its dilation at the Denjoy–Wolff point
is equal to 1,
(3) hyperbolic if it admits no fixed points z ∈ Bq, and its dilation at the Denjoy–Wolff point
is strictly less than 1.
For a proof of the following result, see, e.g., [15, Proposition 2.9]
Proposition 3.6. Let f : Bq → Bq be holomorphic. Assume that f admits a BRFP p ∈ ∂Bq
with dilation 0 < λ < 1. Then f is hyperbolic with Denjoy–Wolff point p.
In the unit ball Bq every holomorphic retract is an affine slice, that is, the intersection of Bq
with an affine complex space (see e.g., [1, Corollary 2.2.16]). In particular, every holomorphic
retract is (affine) biholomorphic to a (possibly lower dimensional) ball. Also, recall that a
complex geodesic for Bq is a holomorphic map ϕ : D → Bq such that for all ζ, ξ ∈ D it holds
kD(ζ, ξ) = kBq (ϕ(ζ), ϕ(ξ)). The image of each complex geodesic for B
q is a one-dimensional affine
slice of Bq, and, conversely, every one-dimensional affine slice of Bq is the image of a complex
geodesic for Bq (see e.g. [1, Corollary 2.6.9]).
By Theorem 2.17, Proposition 2.23 and Remark 3.4 we have the following.
Theorem 3.7. Le F = (f1, . . . , fk) be a family of commuting holomorphic self-maps of B
q.
Then there exists a CSM (Bd, ℓ, T := (τ1, . . . , τk)) for F , where 0 ≤ d ≤ q. Moreover, if for some
1 ≤ j ≤ k the map fj is hyperbolic with dilation λj at its Denjoy–Wolff point, then d ≥ 1 and
τj is hyperbolic with dilation λj at its Denjoy–Wolff point.
The following theorem is proved in [14, Thm. 3.3].
Theorem 3.8. Let f, g : Bq → Bq be commuting holomorphic self-maps without inner fixed
points. Let pf , pg ∈ ∂Bq be the respective Denjoy–Wolff points. Assume that pf 6= pg. Let ∆ be
the complex geodesic whose closure contains pf and pg. Then ∆ is invariant for f and g and
f |∆, g|∆ are commuting hyperbolic automorphisms of ∆.
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Remark 3.9. It follows from Theorem 3.8, that the map f is hyperbolic with a BRFP in pg
and that the dilation of f at pg is reciprocal to its dilation at pf . A symmetric statement holds
for g.
The next results generalize Theorem 3.8 to a family of commuting holomorphic maps.
Proposition 3.10. Let A be a set of indices. Let {fi}i∈A be a family of commuting holomorphic
self-maps of Bq without inner fixed points. For all i ∈ A let pi ∈ ∂Bq be the Denjoy–Wolff point
of fi.
(1) If there exists i ∈ A such that fi is parabolic, then there exists p ∈ ∂Bq such that pi = p
for all i ∈ A.
(2) If for all i ∈ A the map fi is hyperbolic then
i) either there exists p ∈ ∂Bq such that pi = p for all i ∈ A,
ii) or there exist p, p′ ∈ ∂Bq, p 6= p′ such that pi ∈ {p, p′} for all i ∈ A, and there exist
j, k ∈ A such that pj = p and pk = p′. Moreover, for all i ∈ A, the complex geodesic
∆ whose closure contains p and p′ is fi-invariant, and fi|∆ : ∆→ ∆ is a hyperbolic
automorphism of ∆ with p and p′ BRFP. In particular, both p and p′ are BRFP’s
for fi for all i ∈ A.
Proof. If fi is parabolic and pk 6= pi for some k ∈ A we immediately reach a contradiction by
Remark 3.9.
Suppose now that for all i ∈ A the map fi is hyperbolic. Suppose pj 6= pk for some j 6= k. If
for all m ∈ A we have that pm ∈ {pj , pk}, then the result follows applying Theorem 3.8 to the
couple of commuting holomorphic self-maps fj, fm if pj 6= pm or to the couple fk, fm if pk 6= pm.
Thus, in order to conclude the proof, we need to show that if pj 6= pk for some j 6= k then
for all m ∈ A it holds pm ∈ {pj , pk}. Assume by contradiction that this is not the case, and let
m ∈ A be such that pm 6∈ {pj, pk}. For all t ∈ A, let λt ∈ (0, 1) be the dilation of ft at pt.
By Theorem 3.8, both pk and pm are BRFP’s for fj with dilation 1/λj . Similarly, pj and pm
are BRFP’s for fk with dilation 1/λk and pj and pk are BRFP’s for fm with dilation 1/λm.
We first assume that λj < λk. Let g := fj ◦ fk. Since pj is the Denjoy–Wolff point of fj and
a BRFP for fk, it follows by the chain rule for dilations (see e.g. [2, Lemma 2.6]) that pj is a
BRFP for g with dilation given by the product of the dilations of fk and of fj at pj. Therefore,
the dilation of g at pj is µ :=
λj
λk
< 1. By Theorem 3.6, pj is the Denjoy–Wolff point of g. Now,
g commutes with fm, and by Theorem 3.8, it has a BRFP at pm with dilation 1/µ. However,
since pm is a BRFP for both fj and fk, the dilation of g = fj ◦ fk at pm is given by 1λjλk . This
implies
λk
λj
=
1
λjλk
,
which gives a contradiction since λk < 1.
A similar argument works in case λk < λj. If λj = λk, one can argue as before replacing g
with g = f2j ◦ fk. 
Theorem 3.11. Let F := (f1, . . . , fk) be a k-uple of commuting hyperbolic holomorphic self-
maps of Bq. For all 1 ≤ j ≤ k let 0 < λj < 1 be the dilation of fj at its Denjoy–Wolff point. Then
there exists a CSM (Bd, h,Θ := (τ1, . . . , τk)) for F , where 1 ≤ d ≤ q, satisfying the following
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properties. For all 1 ≤ j ≤ k the automorphism τj is hyperbolic with fixed points −e1, e1 and the
dilation at its Denjoy–Wolff point is λj . Moreover, one of the following two cases occurs.
(1) If the fj’s have the same Denjoy–Wolff point p ∈ ∂Bq, then K- limz→p h(z) = e1 and e1
is the common Denjoy–Wolff point of the τj’s.
(2) If the set of Denjoy–Wolff points of the fj’s is formed by two points p, p
′ ∈ ∂Bq, then
K- limz→p h(z) = e1, and K- limz→p′ h(z) = −e1. The point e1 (respectively −e1) is the
Denjoy–Wolff point of τj if and only if p (respect. p
′) is the Denjoy–Wolff point of fj.
Let ∆ be the complex geodesic whose closure contains p and p′. Then h|∆ : ∆→ Ce1∩Bd
is an affine bijective transformation.
Proof. Let (Bd, h,Θ = (τ1, . . . τk)) be the CSM given by Theorem 3.7. By [23, Proposition
1.8], the mappings (τ1, . . . τk) have their two boundary repelling fixed points in common. Up to
conjugacy with an automorphism of Bd we can assume them to be −e1, e1.
Now, by Proposition 3.10, there are two cases: either the fj’s have a common Denjoy–Wolff
point p ∈ ∂Bq or the set of Denjoy–Wolff points if formed by two points p, p′ ∈ ∂Bq.
In the first case, up to conjugating (if necessary) the family Θ with the automorphism −idBd ,
we can assume that e1 is the Denjoy–Wolff point of τ1. Now, let x ∈ Bq. Note that the orbit
(fn1 (x)) converges to p and
lim
n→∞
h(fn1 (x)) = lim
n→∞
τn1 (h(x)) = e1. (3.1)
Since f1 is hyperbolic, by [17, Sect. 3.5] the orbit (f
n
1 (x)) is eventually contained in a Kora´nyi
region with vertex in its Denjoy–Wolff point and by [4, Lemma 5.2] it satisfies therefore the
hypotheses of [4, Theorem 5.2], hence
K- lim
z→p
h(z) = e1.
Moreover, by the same token, for all 2 ≤ j ≤ k the orbit (fnj (x)) lies eventually in a Kora´nyi
region with vertex p, therefore h(fnj (x)) = τ
n
j (h(x)) → e1, proving that e1 is the Denjoy–Wolff
point of τj for all 1 ≤ j ≤ k.
In the second case, we conjugate the family F with an automorphism of Bq in such a way
that p = e1 and p
′ = −e1. Then ∆ = D × {0} ⊂ C × Cq−1. Let 1 ≤ m ≤ k such that the
Denjoy–Wolff point of fm is e1. Then up to conjugating (if necessary) the family Θ with the
automorphism −idBd , we can assume that the Denjoy–Wolff point of τm is e1. Denote
h(ζ, 0, . . . , 0) := (h1(ζ), . . . , hd(ζ)), ζ ∈ D.
By the proofs of [23, Proposition 1.3 and 2.7] it follows that h1 : D → D is a hyperbolic au-
tomorphism with fixed points {1,−1}, while hi(ζ) ≡ 0 for all 2 ≤ i ≤ d. This implies that
K- limz→e1 h(z) = e1 and K- limz→−e1 h(z) = −e1. Arguing as before it is easy to see that for
all 1 ≤ j ≤ k such that fj has Denjoy–Wolff point e1 (resp. −e1), the automorphism τj has
Denjoy–Wolff point e1 (resp −e1). 
Corollary 3.12. Let F := (f1, . . . , fk) be a k-uple of commuting hyperbolic holomorphic self-
maps of Bq. For all 1 ≤ j ≤ k let 0 < λj < 1 be the dilation of fj at its Denjoy–Wolff point.
Then there exists a CSM (Hd, ℓ,Φ := (ϕ1, . . . , ϕk)) for F with 1 ≤ d ≤ q, such that one of the
following two cases occurs.
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(1) If the fj’s share the same Denjoy–Wolff point p ∈ ∂Bq, then K- limz→p ℓ(z) = ∞, and
each ϕj has the form
(z, w) 7→
(
1
λj
z,
eit
j
1√
λj
w1, . . . ,
eit
j
d−1√
λj
wd−1
)
, (3.2)
where tja ∈ R for 1 ≤ a ≤ d− 1.
(2) If the set of Denjoy–Wolff points of the fj’s consists of two points p, p
′ ∈ ∂Bq, then
i) if p is the Denjoy–Wolff point of fj, then K- limz→p ℓ(z) =∞ and ϕj has the form
(3.2)
ii) if p′ is the Denjoy–Wolff point of fj, then K- limz→p′ ℓ(z) = 0 and ϕj has the form
(z, w) 7→
(
λjz, e
it
j
1
√
λjw1, . . . , e
it
j
d−1
√
λjwd−1
)
, (3.3)
where tja ∈ R for 1 ≤ a ≤ d − 1. Let ∆ be the complex geodesic whose closure
contains p and p′. Then ℓ|∆ : ∆→ H is a Mo¨bius transformation.
Proof. Let (Bd, h,Θ) be the CSM for F given by Theorem 3.11. Let C : Bd → Hd be the
Cayley transform from Bd to Hd which maps e1 to ∞ and −e1 to 0. Setting ℓ˜ := C ◦ h and
ϕ˜j := C ◦ τj ◦ C−1, it follows that (Hd, ℓ˜, (ϕ˜1, . . . , ϕ˜k)) is a CSM for F .
In the first case, note that for each j, the point ∞ ∈ ∂Hd is the Denjoy–Wolff point of ϕ˜j ,
and the point 0 is a BRFP. By [1, Proposition 2.2.11], for all 1 ≤ j ≤ k there exists a unitary
(d− 1)× (d− 1)-matrix Uj such that ϕ˜j has the form
(z, w) 7→
(
1
λj
z,
1√
λj
Ujw
)
.
Since the unitary matrices U1, . . . , Uk commute, there exists a unitary matrix Q such that for
all 1 ≤ j ≤ k we have
QUjQ
−1 = Dj ,
where Dj is a diagonal unitary matrix
Dj := diag(e
it
j
1 , . . . , eit
j
d−1),
with tja ∈ R for all 1 ≤ a ≤ d− 1. Define an automorphism of Hd by setting Ψ(z, w) = (z,Qw).
For all 1 ≤ j ≤ k set ϕj := Ψ ◦ ϕ˜j ◦Ψ−1, and set Φ := (ϕ1, . . . ϕk), ℓ := Ψ ◦ ℓ˜. Then (Hd, ℓ,Φ) is
a CSM for F satisfying the required properties. The second case is similar.

In the remaining of the section we study obstructions to commutation in the unit ball. Cowen
in [20, Corollary 4.1] proved that if f, g : D → D are commuting holomorphic maps different
from the identity, then f and g are either both elliptic, or both hyperbolic, or both parabolic.
In higher dimensions the situation is far more complicated. Examples of elliptic maps different
from the identity commuting with hyperbolic or parabolic maps can be easily constructed in Bq
for q ≥ 2. On the other hand we can say something about such elliptic self-maps.
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Remark 3.13. Let q ≥ 2. Let f : Bq → Bq be an elliptic self-map and assume that it commutes
with a parabolic or hyperbolic self-map g : Bq → Bq. Then Fix(f) is an affine slice of Bq of
nonzero dimension, and the Denjoy–Wolff point of g is in Fix(g).
The next natural question is if a hyperbolic mapping can commute with a parabolic mapping
in Bq. If q = 1 this is not possible by Cowen’s Theorem. Notice that in dimension one every
hyperbolic map is of automorphism type. The following result generalizes Cowen’s theorem to
several variables assuming that the hyperbolic map is of automorphism type.
Theorem 3.14. Let f : Bq → Bq be a hyperbolic holomorphic self-map of automorphism type.
If g : Bq → Bq is a holomorphic self-map commuting with f , then g is not parabolic.
Proof. By [3, Theorem 4.6], f admits a CSM (Hq, h, ϕ), where ϕ : Hq → Hq is a hyperbolic
automorphism of the form
ϕ(z, w) =
(
1
λ
z,
eit1√
λ
w1, . . . ,
eitq−1√
λ
wq−1
)
. (3.4)
The map g induces a holomorphic self-map Γf (g) : H
q → Hq commuting with ϕ and satisfying
h ◦ g = Γf (g) ◦ h. (3.5)
By [23, Propositions 1.3 and 1.7], the mapping Γf (g) leaves the one-dimensional slice ∆ := {w =
0} ⊂ Hq invariant and there exists a > 0 such that
Γf (g)(z, 0) = (az, 0), ∀z ∈ H.
If a 6= 1, then Γf (g) is hyperbolic, and hence g is also hyperbolic. Assume now that a = 1, that
is, Γf (g) fixes every point of the slice ∆. Since H
q =
⋃
n≥0 ϕ
−nh(Bq), it follows that h−1(∆) 6= ∅.
Notice that h−1(∆) is f -invariant. Let x ∈ h−1(∆). Let r > kBq (x, g(x)). By Proposition 2.28,
there exists n0 = n0(x, r) such that for all n ≥ n0 the mapping h is univalent on the Kobayashi
ball B(fn(x), r). We have that
kBq (g(f
n(x)), fn(x)) = kBq (f
n(g(x)), fn(x)) ≤ kBq (g(x), x) < r,
thus g(fn(x)) ∈ B(fn(x), r). Since fn(x) ∈ h−1(∆), it follows by (3.5) that h(g(fn(x))) =
h(fn(x)), which implies that g(fn(x)) = fn(x). Hence g is elliptic. 
Hence if the type of the hyperbolic mapping is maximal, then it cannot commute with a
parabolic mapping. Other obstructions to commutation can be found if the type of the parabolic
mapping is too small, as the following results show.
Proposition 3.15. Let f : Bq → Bq be a hyperbolic holomorphic self-map and let g : Bq → Bq
be a parabolic holomorphic self-map of type 0. Then f and g do not commute.
Proof. Assume by contradiction that f and g commute. Let (Z, ℓ, T ) be a CSM for the pair
(f, g). Since f is hyperbolic we have by Corollary 2.25 that dimZ ≥ 1. Since g has type 0, it
follows from Corollary 2.29 that dimZ = 0, contradiction. 
Proposition 3.16. Let f : Bq → Bq be a hyperbolic holomorphic self-map and let g : Bq → Bq
be a parabolic holomorphic self-map of type 1. If f and g commute, then g admits a CSM of the
form (D, h, id).
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Proof. Since g is of type 1, it admits a CSM of the form (D, h, ϕ), where ϕ is not hyperbolic.
Let Γg(f) : D → D be the holomorphic self-map induced by f . By Proposition 2.36 the map-
ping Γg(f) is hyperbolic. Since Γg(f) commutes with ϕ, it follows from Cowen’s theorem [20,
Corollary 4.1] (or Theorem 3.14 for q = 1) that ϕ = idH. 
Corollary 3.17. Let f : Bq → Bq be a hyperbolic holomorphic self-map and let g : Bq → Bq be
a parabolic holomorphic self-map of type 1 such that there exists x ∈ Bq with sg1(x) > 0. Then f
and g do not commute.
Remark 3.18. It is actually an open question whether there exists a parabolic self map g : Bq →
B
q with type g ≥ 1 such that there exists x ∈ Bq with sg1(x) = 0. In other words, it is an open
question whether there exists a parabolic self map g : Bq → Bq whose CSM (Bk, h, ϕ) is such
that k ≥ 1 and ϕ is elliptic.
The following proposition shows that there cannot be more type-related obstructions to the
commutation of a hyperbolic and a parabolic mapping.
Proposition 3.19. Let m ∈ N, m ≥ 2. Let 1 ≤ q ≤ m − 1, and let 2 ≤ p ≤ m. Then there
exist commuting holomorphic self-maps f, g : Hm → Hm such that f is hyperbolic of type q and
g is parabolic of type p.
Proof. Let r ∈ R, r 6= 0. Denote a point in Cm+2 by (z, w, y), where z, w ∈ C and y ∈ Cm.
With a slight abuse of notation, if m = 2, the triple (z, w, y) simply denotes the point (z, w).
Consider the holomorphic self maps f, g of Hm defined by
f(z, w, y) := (2z + iw2, w,
√
2y1, . . . ,
√
2yq−1, 0, . . . , 0)
g(z, w, y) := (z + ir2 − 2rw,w − ir, y1, . . . , yp−2, 0, . . . , 0).
It is easy to see that f is hyperbolic and g is parabolic and that they commute. We claim that
the type of f is q, the type of g is p, and that the type of the pair (f, g) is min(p− 1, q).
To prove that the type of f is q, we will study the univalent self-map ϕ : Hq+1 → Hq+1 defined
by
ϕ(z, w, y1, . . . , yq−1) := (2z + iw
2, w,
√
2y1, . . . ,
√
2yq−1),
which clearly has the same type as f . Notice that ϕ actually defines a univalent mapping on
the whole Cq+1. Set
Ω := {x ∈ Cq+1 : ϕn(x) ∈ Hq+1 eventually},
then (Ω, ι : Hq+1 → Ω, ϕ) is a model for ϕ. For all n ≥ 1 and (z, w, y1, . . . , yq−1) ∈ Cq+1,
ϕn(z, w, y1, . . . , yq−1) = (2
nz + (2n − 1)iw2, w, 2n2 y1, . . . , 2
n
2 yq−1)
= (2n(z + iw2)− iw2, w, 2n2 y1, . . . , 2
n
2 yq−1).
The point ϕn(z, w, y1, . . . , yq−1) is in H
q+1 if and only if
2n
Im (z + iw2)− q−1∑
j=1
|yj|2
 > |w|2 + Im (iw2),
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and thus
Ω = {(z, w, y1, . . . , yq−1) ∈ Cq+1 : Im (z + iw2) >
q−1∑
j=1
|yj|2}.
The domain Ω is biholomorphic to Hq × C. Indeed the mapping η : Ω→ Hq × C defined by
η(z, w, y1, . . . , yq−1) := ((z + iw
2, y1, . . . , yq−1), w),
is a biholomorphism with inverse
η−1((ζ, ξ1, . . . , ξq−1), γ) = (ζ − iγ2, γ, ξ1, . . . , ξq−1).
Define ℓ : Hq+1 → Hq by ℓ(z, w, y) := (z + iw2, y1, . . . , yq−1). Denote by Φ: Hq → Hq the
hyperbolic automorphism defined by Φ(ζ, ξ) = (2ζ,
√
2ξ), where ζ ∈ C and ξ ∈ Cq−1. Notice
that
ℓ(ϕ(z, w, y1, . . . , yq−1)) = (2z + 2iw
2,
√
2y1, . . . ,
√
2yq−1) = Φ(ℓ(z, w, y1, . . . , yq−1)).
Then a CSM for ϕ is given by (Hq, ℓ,Φ), and this proves that type f = typeϕ = q.
Let now π : Hm → Hp be given by π(z, w, y) = (z, w, y1, . . . , yp−2), and let Ψ: Hp → Hp be the
parabolic automorphism defined by Ψ(a, b, c) := (a+ ir2 − 2rb, b− ir, c), where a, b ∈ C and c ∈
C
p−2. A CSM for g is easily seen to be (Hp, π,Ψ), and thus type g = p. Set u := min(p−2, q−1).
Then
Γg(f)(a, b, c) = (2a+ ib
2, b,
√
2c1, . . . ,
√
2cu, 0, . . . , 0).
Applying the previous argument we see that the typeΓg(f) = u + 1 and thus Theorem 2.35
yields type (f, g) = u+ 1.

Remark 3.20. Let r ∈ R, r 6= 0. The commuting holomorphic self-maps of H2 defined by
f(z, w) := (2z + iw2, w), g(z, w) := (z + ir2 − 2rw,w − ir),
(which correspond to the minimal dimension casem = 2 in Proposition 3.19) were studied in [29]
to show the existence of a holomorphic self-map of B2 with a non-isolated boundary repelling
fixed point.
Remark 3.21. It follows from Proposition 3.19 that type (f, g) can be strictly smaller than
min{type(f), type(g)}.
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